PHY 209
Space and Time in Elementary Physics

Polar Coordinates

Polar Coordinates

Cartesian coordimates (&, y) provided = way io locate & point on the plane.
Here we'introduce Polar coordinates, another set of coordinates for the plane.
Instead of & pair of directed-lines defining the grid, we have a ray (emanating
from an origin) and an circle directed counterclockwise (centered about that
origin).

For instance, consider the grid on the left. The point 4 is located at (3, ).
The first namber gives the radius of the circle. The second number gives the
angle measured counterclockwise from the ray. The order is important because

Z,3) refers to another point. The “gense” {i.., that the angle is measnred coun-
terclockwise) is important because the opposite sense refers to another point,

« On a sheet of polar graph paper, plot the following points (1, 3),

agy, (35 (&) (2,0 (1,00 (2,0, (2, 3), (1,%), (0,3}
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Observe in the above exercise that in the range (0 < + < oo, 0 < 8 < 27),
the origin can be located by more than ome pair of polar-coordinates. This is
to be contrasted with the Cartesian coordinates where every point has sxactly
omne pair of Cartesian-coordinates. This could be a source of concern for certain
applications...but we won't worry abouf this.

So, (except for the origin) the polar coordinates arc just as good as the
Cartesian coordinates in locating points on the plane. At this point, a natural
question is question is “How are the two descriptions related?” In other words,
“how iz (r,§) related to (z,1)"7

Polar Coordinates—the First Quadrant

Consider the following right-triangle with legs aligned with the z- and y-axcs.
In terins of Cartestan-coordinates, the vertex A has Cartesian-coordinates (2, y).
From trizonometry, we know that the angle # {measured counterclockwize from
the z-axds) is given by
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osite side
fanf = EPOSTE FOC E, g0, 8 = tan”
x

~ adjacent side

b

From the Pythagorcan theorem, we know that the hypotenusc (call it r) is given
by

W

7 = hypotennse = +/{adjacent side)? + (opposite side)® = /=% + ¢#.

-y
} So, in terms of Pelar-coordinates, the vertex A has Polar-coordinates {r, 9).

Suppose instead we started with {r, §). We again know from trigonometry
that .
adjacent side =« inf = opposite side ¥
T

= = —
cos hypotenuse t hypotenusze

Salving for z and for y, we have immediately

= rcosh y=rsinf.

Polar Coordinates—Outside the First Quadrant

The previous section is fine and good for angles 0 < 6 < I, that is, for peints
in the “first quadrant”. For angles outside the first quadrant, one mmust
be careful, Knowing tan# is not the same as knowing 8.



eLetr=1. Let tanB=1. MNofe: fhue ave fiio Ioc.fh-& deceribed Jaqu dhess condituns .

s Civen # = 1 and & = 45°, find (=, 3.
Calculate tanf by using tanf = £,
Ans:

» Given r =1 and # = 225° find {z,g).
Calculate tanf by using tanf = 1.
Ana:

» How are these two points related to each other?
Ans:

eLet 7+ = 1. Let tand = —1. There are two points (not just onel)
described by these conditions. Find these two points. Give the (v, 6)-
coordinates and the (z, y}-coordinates of each.

e Looking at these two examples, given + and tand, one needs some
extra information to locate just a single point. Formulate a good rule
for caleulating @ given r, tan®, and the sign of =.

v Observe the right-triangles with base |2| and height |y| associated
with the other quadramts. We will call ¢ the angle at the origin
inside the triangle. Relate # to ¢ in each quadrant.
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Periodic Functions
» Plot on the same (rectangular) graph the functions sin &, cos #, tan & These

from —27 < & < 27,
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fanctions are examples of periodic functions, In general, a periodic function
is a fanction F(#) that has the property that there exists some number T (called
the period) such that F{f + T) = F(§), for all 4. In other words, & periodic
funetion is “z function which repeats itself ofter one perdod (or cycle)®. Usually,
T one takes the period to be the smallest such value of 7.
s What is the smallest period of each of sin @, cosd, tan§? (Hint: Look
at your plots above. ) ’

The Oacilloscope
The oscilloscope is a usefn) device for studying electrical signals that are
periodic in time. Steady signals called simple-harmonie oscillations have

the form

y = Asin{wt),
where the displacement y runs on the vertical scale and time £ tuns on the
horizontal scale.

Amplitude: 4 is called the amplitude, which measures the maximum dis-
placement of the oscillations (measured in whatever units refer to the os-
cllator, e.g., meters m for a mass-on-a-spring or velts ¥V for an electrical

signal).
Anguler Frequeney: w is called the angular-frequency, which measures the
tate of the oscillation (measured in radians-per-second rad/s).

Frequency: The angular frequency is related to a more-familiar quantity, the
number-frequency, or simply frequency, f {measnred in cycles-per-
second cycles /s, or Hertz Hz, ot simply inverse-seconds s™%), by w = 227,

Period: The period T is the length of time it takes for the sscillation to repeat
itself once. It is the reciprocal of the number-frequency. Ans: Let

tand = 1. Note:
there ate two points
4 {mot just omel) de-
seribed by these con-
ditions. Your caleu-
lator will refurm an
answer of 4 = 45°
for tan~!'1. How-
ever, what does your
calculator return for




« Plot a signal on the graph provided. Label the grid (e.g., what is the
scale?} Determine the amplitude, period, and [number-]frequency for
each.

» Sketch a plot of what you would expect to see if you
- doubled the frequency of the cseillation
- doubled the period of the oscillation.

« Observe two signals (with an oscilloscope and with an audio speaker)
with the same amplitude and frequency but with differsnt wave-
shapes.

Bonus Question (1 pt):
What does F(6) = sinf + §sin 36 + L sin56 4 §sin 76 + ... produce?
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