PHY 209
Space and Time in Elementary Physics

Vectors—Part 11
In the previous hand-out, we introduced the vector. We discussed (in a
purely mathematical disenssion [no physics yet!]}

scaling
1.£., Elven & vector A, what is the vector kA7

vector-sum . . _ i
f.e., given two vectors A and B, what is the vector 4 + B using the
“parallelogram law” or the “lip-to-tail methad”

Here, we continue our discussion of vectors.

{Euchdean} Dot- Pruduct

which returns a scalar qua.nmt}f (1 ¢., a number, esscntmll;l.r} That mle is

Loz lEJi:u'_'t.wc-:n A and B°

f5=| |s

(Often, one writes A - B = ABcos#, where A {without its arrowhead} refers to

the magnitude of the vector A.)
Why does a cos § appear? Observe the geometrical meaning of B cos .

B cos# is the projeetion of 5 along the direction of 4. (You can think of Aas
the ground. Then, with the sun directly overhead, B cos# is the signed-length
of the shadow. You get a positive-sign if the shadow’s arrow points in the same
direction as A. You get a negative-sign for the opposite direction.)
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This makes aenze asince
geaf > 0O for |#] < 907,
fa, coad = 0in the fisst
and fourth guadrants.



So, in some sense, the dot-product iz a measure of the “overlap” of two
vectors. It measures “how large a shadow one vector casts on the other, appro-
priately scaled by the magnitudes of the vectors”.

Observe that - B = B - A (i.e., the order doesn’t matter). Instead of

considering the projection of B along A, consider the projection of A along B.

3 - A
As we said before, the projection of B along A is B coa f. Now, the projection of
A along B is Acos#. Of course, generally, Acos@ # B cosd. What is generally
true is that

E-Jﬁ:A(BcusB}=ABcusﬂ=BAcnsH=B{ficosﬂ]=§-x‘1.,

regardless of which vector is used to calculate the projections.

» Calculate A - B for each pair of vectors below. I have given you the
angle # and the magnitudes of the vectors (in meters) in each case.
Include in your answer the appropriate units for the dot-product!
{Don’t be careless. Think about what those units would be}.
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Here are more nseful facts

- A. 4= AAcos0 = A%, In other words, the magnitude-of-A

- vET

-IfA.-B=AB, {i.e.,ifcosd = 1.}, then A and B are paraliel, [since & = 0%

- A.B=—AB, (ie., if cos# = —1,) then A and 5 are anti-parallel
{i.e., along the same line and pointing in the opposife direction). (sinee # = 180°;

- A-B =0, (ie, if cos¢ = 0,) then A and B are perpendicular or
orthogonal. (since # = 80}

Using the above facts, let us caleulate the square of “the magnitude of the
vector-sum A -+ 57,

- | d - e
EA+B§| = (A+B)-(A+ 5
E
FOIL

(- D+ (A-BY+(B-A)+(5- B
2 o = 2
4] +24- 5+ |5
This is essentially the Law of Cosines ¢ = a® +# -~ 2gbcos C. From the above

calenlation, we get the minus-sign in the Law of Cosines when we correctly
associate the syrnbo]s in the two formulas.
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, 2(R-B)=2abeos B
= ~%abeos C

eIf A-B=0,ie,if cosf =0, i.c., when the veciors are perpendicular, ther
T
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but this is nething but the Pythagorean Theorem, where A and B are the legs of

aright-triangle (.., the angle ¢ between A and 5 is 90°, which is supplementary
to the right-angle inside the triangle) and A + 5 is the hypotenuse.
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" Now, consider two cases:
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eI A-B=AB, iec,ifcosd =1, ie, when the vectors are parallel, then

|4+ 3]

4] + 2043+ 5]
A +%AB) + B?
(A+B){4+5)
(4 + B)?
(J4f+ 2]
3o, carefﬁﬂ}r taking the square-root of both aides,

|4+ 3] = |4+ 5]

Thus, only when the vectors are parcilel is the “magnitude of the vector-sum”
equal to the “sum of the vector-magnitudes”.

o Calenlate “E -E-E" for each pair of vectors below. s
Hint: Caleulote || ;57_1.'5‘1[1 using (A+B)s (A+B)

Falure o oecognize this
fact n probably one of
the biggest mistakes made
by beginming physics atu.
dents. GET IT RIGHT!
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As a check for yourself, draw in B+8 and measure ies magnitude .
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